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ABSTRACT

The composite laminates suffer mostly on the low strength in the thickness direction upon loading. Therefore, the interlaminar
stresses deserve more attentions in the analysis of composite laminates, especially the stresses at the free edge or corner. In this study,
an interlaminar stress continuity theory is adopted to the analysis of the interlaminar stresses. The derived finite model using
Hamilton’s Principle can be used to calculate all six stress components by employing the constitutive equations. With this viable tool,
the influences of dimensional size, stacking sequence and material property on the interlaminar stresses at the material interfaces, the
free edges of the laminate are studied. With the simulation results of different laminates, we found the magnitude of the interlaminar
stresses at the free edge increases with the width of the specimen and the heterogeneity of the bending rigidity through the thickness.

Keywords : interlaminar stress continuity theory, interlaminar stresses, free-edge stresses
Table of Contents

000000000000 Wo0oD0vOoODOoOoOviDOviiDOwviiiO0OOxiO00DOxiiDO000 xvOODO OO 1

1100 112000000 2130000000 4140000 500000007000 0000 19310000000
0000193200000 313300000 3340000000000 00O00O0O 400000000000 474100
U00000b000nb 474200 0000000000000000S574300000000000000DO00O0 6444
oooobooboooboobooooooboooogoberbob OoOOO 05100 7052000000 71400
oo 72p00@O)0b0ooCocOoOoo00oOoOo0o00oDoOo0OoDOo boooOoDoOoOO U OO0 bOOoOOoDboOg
ooooooOdOobOoooo0oobooo ss0DO@)OO0U0OOOOU0DOOOO0ODODODOODODOD ODDOODO
COoO0O0oo8rd ooUoOoOO0ssDOUdUdODOOoUOU0OoOOOYDO OOooodoobOO@)boobooouooo
gboobgoobobboob oboobobobooeiboobobob boobooboboooboobooboo
ooooboobooooob bobeksooooboooboobobooo4o@myobooooboobbooooDo
gboooboob oboboob bbb oboobuobboossbobobbobooboobOon
goooboyooboobob oboobooboesbog u3ilgbuoobobobobono2b3z200bgonoo
obooobooboboboboobooboo 2b330booboooboobobobobooboobOonoD 28

03400000000000DO0O0O0O 36035[0/90/90/01000000000O0DO0O0OOODObO3rO36O000O
Oo0o0O0O0040D41M0/9/90/0]000000000000000000000ODO0O000O0O0DOOO0O 53

04.2[0/90/90/01 0000000000000 00O0DOOOOODO0OO0OOODOOOODO 5404.3[0/90/90/0] 0
0000000000000 00O0DO00DO0ODODOO0ODbDO0ODOODOObs404410/90/90/0]0000000000DO
0000000000000 000b00O000D00ODbOsS045[0/90/90/01000000000000DO0O000O00O0DOO
D000 O00DO0O000O0O00gss046([0/90/90/0]000000000000000000000DO0O0OODOOODO
OO00O5604.7[0/90/90/0]00000000000000000000OOO00O0OO0ODOOOO0ODOSe04800
00/0000000000000D000D00DO00DODOODOODOS80490000/00000000000000DO0
OO0000000D00OO000DOCOOO0DOO 5804.10[03/903/03/903/03/7903/03]C0 0 0 0x=19.0mmO OO0 000

00000000000 OO0 6204.1103/903/03/903/03/903/03]0 00 0x=19.0mmO 00 0000CO0O0ODOCOO
OO000 O0D00QO 6204.12[03/903/03/903/703/903/03]0 0 0 Ox=19.0mmO O 00 00O0OCOOODCOOOODOCO O
obe30413000000x=190mmUO 00000000 ODO0O0O0OODOO ODO0OG0414000000x=19.0mm
goooboobobbooboobgogoesbd4isnooiDx=190mmibdgnooooOonooonboonDgn
gb0oecU4l6000000O0O0O0ODOO0OG7DO417000000O00DO0ODLODODODODLDOODOODODODODO
OxOOOu()DOOO 680 0O O4.1[0/90/90/01000/0000000D00OO00OO0ODOOOODOODO a=b=4",
h=1" 4904.2[0/90/90/0]000/00 0000000000000 ODOOOODOODOOOOaA=b=4" ,h=1" 50

043[0/90/90/010 0 0/00000000000DO0O0ODOOD0O0OOODOODOOOODOOA=b=4" ,h=1" 50044
[0/90/90/01000/000000000ODO0OOOODOODOOOODOA=b=10" ,h=1" 5104.5[0/90/90/0]10 0O 0O /0O
0000000000 0b0oU0o0OOobD0obOOoOoboOobOoda=b=10" ,h=1" 5204.6[0/90/90/01000/000000O



0000000000000000000000000a=b=10" ,h=1" 5204.7[07/907/07]0 0000000000
0000 5904.8[07/907/0710 00000000 00 5904.9[07/907/07]0 00000000 OO 6004.10
[07/907/07]0 00000000 OO 6004.11 [0/90/90/0]0 [90/0/0/90] 0 D000 OO0 OC0OD0 OO 690 4.12
[0/+45/+45/0]00 [+45/0/0/+4510 0000000000 OO 69

REFERENCES

[1]W. Backer, P.P. Jin, and P. Neuser, "Interlaminar Stresses at the Free Corners of A Laminate," Composite Structures, 1999, Vol.45,
pp.155-162.00

[2]C.T. Herakovich,"Free-edge Effectsin Laminated Composites,” in Handbook of Composites, Vol.2, Structure and Design [ edited by C.T.
Herakovich and Y.M. Tarnopol'skii, Elsevier, 1989.00

[BlIoO0COoO0OOOO0OOODOOoODoOoDOoDOO988D

[4]E. Carrera, "A Priori vs A Posteriori Evaluation of Transverse Stresses in Multilayered Orthotropic Plates," Composite Structures, 2000, Vol.48,
pp.245-260.0

[5]T. Kant and K. Swaminathan, "Estimation of Transverse / Interlaminar Stresses in Laminated Composites - Selective Review and Survey of
Current Development,” Composite Structures, 2000, VVol.49, pp.65-75.00

[6]N.J. Pagano,and S.J.Hatfield, "Elastic Behavior of Multilayered Bidirectional Composite,” AIAA Journal,1972, Vol. 10, pp.931-933.0

[7IN.J. Salamon, "An Assessment of the Interlaminar Stress Problem in Laminated Composites,” Journal of Composite Materials Supplement,
1980 ,Vol.14, p.p.177-194.0

[8] R.S. Sandhu, W.E. Wolfe, R.L. Sierakowski, C.C. Chang, and H.R. Chu, "Finite Element Analysis of Free-Edge Delamination in Laminated
Composite Specimens,” U.S. Air Force Wright Laboratory Report, 1991, WL-TR-91-3022.00

[9] N.J. Pagano, "Influence of Shear Coupling in Cylindrical Bending of Anisotropic Laminates, " Journal of Composite Materials, 1970,Vol.4 ,
p.p.330-343.0

[10] R.B. Pipes, "Interlaminar Stresses in Composite Laminates," Technical Report, 1972, AFML-TR-72-18.00

[11] N.J. Pagano, and R.B. Pipe, "The Influence of Staking Sequence on Laminate Strength," Journal of Composite Materials , 1971, Vol.5,
p.p.50-57.00

[12] S. Tang, "A Boundary Layer Theory-Part I: Laminated Composites in Plane Stress," Journal of Composite Materials, 1971,Vol. 9, p.p. 33-41.00
[13] S. Tang and A. Levy, "A Boundary Layer Theory-Part 2: Extension of Laminate Finite Strip," Journal of Composite Materials, 1975,Vol.9,
p.p. 42-52.0

[14] P.W. Hsu, and C.T. Herakovich, "Edge Effect in Angle-Ply Composite Laminates," Journal of Composite Materials, 1977,Vol.11, p.p.
422-428.00

[15] J.T.S. Wang, and J.N. Dickson, "Interlaminar Stresses in Symmetric Composite Laminates,” Journal of Composite Materials , 1978 ,Vol.12,
p.p.390-402.0

[16] E.F. Rybicki, "Approximate Three-Dimensional Solutions for Symmetric Laminate Under Inplane Loading," Journal of Composite Materials,
1971,Vol.5, p.p. 354-360.0

[17] R.L. Spilker, and S.C. Chou, "Edge Effects in Symmetric Composite Laminates: Importance of Satisfying the Traction-Free-Edge Condition,"
Journal of Composite Materials , 1980 ,Vol.14, p.p. 2-19.0

[18] A.S. Wang, and F.W. Crossman, "Edge Effects on Laterally Thermally Induced Stresses in Composite Laminates," Journal of Composite
Materials, 1977 ,Vol.11, p.p.300-312.00

[19] A.S. Wang, and F.W. Crossman, "Some New Results on Edge Effect in Symmetric Composite Laminates," Journal of Composite Materials ,
1977 ,Vol.11, p.p.92-106.0

[20] C.T. Herakovich, A. Nagarkar, and O.D.A. Brien, "Failure Analysis of Composite Laminates with Free Edge, Modern Development in
Composite Materials and Structures,” in Vinson, J. R. Ed., American Society of Mechanical Engineers , 1979 p.p.53-66.0

[21] I.S. Raju, and J.H.Jr. Crew, "Interlaminar Stress Singularities at a Straight Free Edge in Composite Laminates," Computers and Structures,
1981 ,Vol.14, p.p.21-28.0

[22] I.S. Raju, J.D. Whitcomb, and J.G. Goree, "A New Look at Numerical Analysis of Free-Edge Stresses in Composite Laminates," 1980 , NASA
TP-1751.0

[23] R.B. Pipes, and N.J. Pagano,"Interlaminar Stresses in Composite Laminates Under Uniform Axial Extension," Journal of Composite Materials
, 1970 ,Vol .4, p.p.538-548.00

[24] A.H. Puppo, and H.A. Evensen, "Interlaminar Shear in Laminated Composite Under Generalized Plane Stress," Journal of Composite
Materials" ,1970 , Vol.4, p.p.204-220.00

[25] R.B. Pipes, B.E. Kaminski, and N.J. Pagano, "The Influence of the Free-Edge upon the Strength of Angle-Ply Laminates," ASME STR-521,
The Test Methods for High Modules Fibers and Composites, 1972, p.p.218-228.0



[26] G. Isakson, and A. Levy, "Finite Element Analysis of Interlaminar Shear in Fibrous Composite". Journal of Composite Materirals ,
1971,Vol.5, p.p. 273-276.00

[27] A. Levy, H. Armen, and J. Whiteside, "Elastic and Plastic Interlaminar Shear Deformation in Laminated Composite Under Generalized Plane
Stress". 3rd Air Force Conference on Matrix Methods in Structure Mechanics, Wright-Patterson Air Force Base, Ohio, 1971 .00

[28] C.T. Herakovich, and E.W.O.Jr. Brooks, "Tensile Methods for Advanced Composite Reinforced Materials". Final Report, VPI & SU,
VPI-E-73-5, 1973 .00

[29] R.L. Foye, and D.J. Barker, "Design/Analysis Methods for Advanced Composite Structure," Technical Report, 1971 ,AFML-TR-70-299.00
[30] Rybicki, E. F., "Approximate Three-Dimensional Solutions for Symmetric Laminate Under Inplane Loading". Journal of Composite
Materials 1971,Vol.5, p.p. 354-360.01

[31] J.N. Reddy, and C.F. Liu, "A Higher-Order Theory for Geometrically Nonlinear Analysis of Composite Laminates," 1987 , NASA Contractor
Report 4056.01

[32]J.N. Reddy, Mechanics of Laminated Composite Plates - Theory and Analysis, CRC Press, 1997.00

[33]H. Murakami, "Laminated Composite Plate Theory with Improved In-Plain Response," Journal of Applied Mechanics, 1986, VVol.53,
pp.661-666.0

[34]M. Di Sciuva, "A General Quadrilateral Multilayered Plate Element with ContinuousinterlaminarStresses,” Computers & Structures, 1993,
Vol.47,No.1,pp.91.0

[35]C.Y. Lee and D. Liu, "An Interlaminar Stress Continuity Theory for Laminated Composite Analysis,” Computers and Structures, 1992,
Vol.42, pp.59-78.00

[36]C.Y. Lee and C.H. Shu, 1998, "Layer Reduction Technique in the Interlaminar Shear Stress Analysis of Laminated Cylindrical Shells", The
Journal of the Chinese Society of Mechanical Engineers, 19(4), pp.433-439.0

[37]C.Y. Lee and J.M. Chen, 1996, "Interlaminar Shear Stress Analysis of Composite Laminate with Layer Reduction Technique," International
Journal for Numerical Methods in Engineering, 39, pp.847-865.00

[38]J.D. Whitcomb, I.S. Raju, and J.G. Goree, "Reliability of the Finite Element Method for Calculating Free Edge Stresses in Composite
Laminates," Computers and Structures, 1982, Vol.15, pp.23-37.0

[39] N.J. Pagano, "On the Calculation of Interlaminar Normal Stress in Composite Laminates," Journal of Composite Materials, 1974 ,Vol. 8,p.p.
65-81.00

[40] E. Altus, A. Roten, and M. Shmueli, "Free Edge Effect in Angle Ply Laminates-A New Three Dimensional Finite Difference Solution," Journal
of Composite Materials, 1980 ,Vol. 14, p.p.21-30.0

[41] J.D. Whitcomb, and I.S. Raju , "Superposition Method for Analysis of Free-Edge Stresses," Journal of Composite Materials , 1983 ,Vol. 17,
p.p. 492-507.0

[42] J.D. Whitcomb, and I.S. Raju, "Analysis of Interlaminar Stresses in Thick Composite Laminates With and Without Edge Delamination,” 1984
,NASA TM 85738.00

[43] N.J. Pagano, "Stress Fields in Composite Laminates,” International Journal of Solids and Structures” , 1978 ,Vol.14, p.p. 385- 400.0J

[44] R.L. Spilker, S.C. Chou, and O. Orringer, "Alternate Hybrid-Stress Elements for Analysis of Multilayer Composite Plates”. Journal of
Composite Materials , 1977 ,Vol.11, p.p. 51-70.00

[45] P. Bar-Yoseph, and T.H.H. Pian, "Calculation of Interlaminar Stress Concentration in Composite Laminates,” Journal of Composite
Materials, 1981 ,Vol.15, p.p.225 - 239.00

[46] S.S. Wang, and I. Choi, "Boundary-Layer Effects in Composite Laminates: Part 1-Free Edge Stress Singularities,” Jourmal of Applied
Mechanics , 1982 , VVol.49, p.p.541-548.00

[47] S.S. Wang, and I. Choi, "Boundary-Layer Effects in Composite Laminates: Part 2-Free Edge Stress Solutions and Basic Characteristics,"
Jourmal of Applied Mechanics , 1982 ,V0l.49, p.p.549-560.00

[48] C. Kassapoglou, and P.A. Lagace, "An Efficient Method for the Calculation of Interlaminar Stresses in Composite Materials," Journal of
Applied Mechanics, 1986 , Vol.53, p.p.744-750.00

[49] C. Kassapoglou, and P.A. Lagace, "Colosed Form Solutions for the Interlaminar Stress Field in Angle-Ply and Cross-Ply Laminates," Journal
of Composite Materials, 1987 , Vol.21, p.p.292-308.00

[50] P.R. Heyliger, and J.N. Reddy, "Reduction of Free-Edge Stress Concentration," Journal of Applied Mechanics, 1985, Vol.52, p.p.801-805.00
[51] W.E. Howard, T. Gossard, and R.M. Jones, "Composite Laminate Free-Edge Reinforcement with U-Shape Caps, Part I: Stress Analysis,"
1989 ,AIAA Journal, 610-616.00

[52] W.H. Chen, and T.F. Huang, "Three Dimensional Interlaminar Stress Analysis at Free Edges of Composite Laminate," Computers &
Structures , 1989 , Vol.32, p.p.1275-1286.01

[53] T. Nishioka, and S.N. Atluri, "Stress Analysis of Holes in Angle-Ply Laminates: An Efficient Assumed Stress Special-Hole-Element Approach
and a Simple Estimation Method," Computers and Structures , 1982 , VVol.15, p.p.135-147.0

[54] E.F. Rybicki, and D.W. Schmueser, "Effect of Stacking Sequence and Lay-Up Angle on Free Edge Stresses Around a Hole in a Laminated



Plate Under Tension," Journal of Composite Materials, 1978 , Vol.12, p.p.300-313.0

[55] W.M. Lucking, S.V. Hoa, and T.S. Sanker, "The Effect of Geometry on Interlaminar Stress of [0/90] Composite Laminates with Circular
Holes," Journal of Composite Materirals , 1984 , VVol.17, p.p.188-198.00

[56] N.J. Pagano, "Exact Solutions for Composite Laminates in Cylindrical Bending," Journal of Composite Materials , 1969 , VVol.3, p.p.398-411.00
[57] G.D. Renieri, and C.T. Herakovich, "Nonlinear Analysis of Laminated Fibrous Composites,” VPI-E-76-10, Virginia Polytechnic Institute and
State University, 1976 .0

[58] Q. Gu, and J.N. Reddy, "Non-Linear Analysis of Free-Edge Effects in Composite Laminates Subjected to Axial Load," International Journal
of Non-linear Mechanics, 1990, Vol.27, p.p.27-41.0

[59] T.C.T. Ting, "Anisotropic Elasticity: Theory and Applications," Oxford University Press, New York, 1996 .[J

[60] S.S. Vel, and R.C. Batra, "The Generalized Plane Strain Deformations of Thick Anisotropic Composite Laminated Plates," International
Journal of Solids and Structures, 2000, Vol.37, p.p.715-733.0

[61] S.S. Vel, and R.C. Batra, "The Generalized Plane Strain Deformations of Thick Anisotropic Composite Laminated Plates,” International
Journal of Solids and Structures, 2000, Vol.37, p.p.715-733.0

[62] R.J. Nuismer, and S.C. Tan, "Constitutive Relations of a Cracked Composite Lamina," Journal of Composite Materials, 1988 , VVol.22,
p.p.306-321.0

[63] J. Brillaud, and A. El Mahi, "Numerical Simulation of the Influence of Stacking Sequence on Transverse Ply Cracking in Composite
Laminates,” Composite Structures, 1991, Vol.17, p.p.23-35.0

[64] A. EI Mahi, J.M. Berthelot, and J. Brillaud, "Stiffness Reduction and Energy Release Rate of Cross-Ply Laminates During Fatigue Tests,"
Composite Structure, 1995 , Vol.30, p.p.123-130.0

[65] R. Joffe, and J. Varna, "Analytical Modeling of Stiffness Reduction in Symmetric and Balanced Laminates Due to Cracks in Layers,"
Composites Science and Technology , 1999 , Vol.59, p.p.1641-1652.01

[66] B. Pradhan, N. Venu Kumar, and N.S. Rao, "Stiffness Degradation Resulting from Ply Cracking in Angle-Ply Composite Laminates,"
Composites Science and Technology, 1999, Vol.59, p.p.1543-1552.00

[67] P.A. Smith, and S.L. Ogin, "On Transverse Matrix Cracking in Cross-Ply Laminates Loaded in Simple Bending," Composites Part A: Applied
Science and Manufacturing , 1999 , Vol.30, p.p.1003-1008.01

[68] M. Kashtalyan, and C. Soutis, "Stiffness Degradation in Cross-Ply Laminates Damaged by Transverse Cracking and Splitting," Composites
Part A: Applied Science and Manufacturing , 2000, Vol.31, p.p.335-351.00

[69] W.C. Hwang, and C.T. Sun, "Failure Analysis of Laminated Composites by Using Iterative Three-Dimensional Finite Element Method,"
Computers & Structures , 1989, Vol.33, p.p.41-47.0

[70] X. Zhou, and A. Chattopadhyay, "Modeling of Laminated Shell Structures Addressing Transverse Stress and Interlaminar Continuity,"”
Proceeding of 42nd AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics and Materials Conference and Exhibition, Seattle, WA,
2001 .00

[71] G.D. Chu, and C.T. Sun, "Failure Initiation and Ultimate Strength of Composite Laminates Containing a Center Hole," Composite
Materials: Fatigue and Fracture, 1993 ,ASTM STP 1156, p.p.35-54.00

[72] K.S. Liu, and S.W. Tsai, "A Progressive Quadratic Failure Criterion for a Laminate,” Composites Science and Technology, 1998 , VVol.58,
p.p-1023-1032.0

[73] A.E.H. Love, "On the Small Free Vibrations and Deformations of Elastic Shells,” Philosophical Transaction of the Royal Society, Series A, ,"
1988, Vol.17, p.p.491-549.0

[74] E.J. Barbero, and J.N. Reddy, "Modeling of Delamination in Composite Laminates Using a Layerwise Plate Theory," International Journal of
Solids and Structures ,1991, Vol.28, p.p.373-388.00

[75] A. Chattopadhyay, and H. Gu, "Elasticity Based Solutions for Buckling of Composite Plates,” AIAA Journal, 1998 , VV0l.36, p.p.1529-1534.00
[76] H. Gu, and A. Chattopadhyay, "An Experimental Investigation of Delamination Buckling and Postbuckling of Composite Laminates,"”
Composite Science and Technology , 1999, Vol.59, p.p.903-910.0

[77]1 M.H. Shen, and J.E. Grady, "Free Vibrations of Delaminated Beams," AIAA Journal , 1992 , VVol.30, p.p.1361-1370.00

[78] P. Crawley, and R.D. Adams, "A Vibration Technique for Nondestructive Testing of Fiber Composite Structures," Journal of Composite
Materials , 1980, VVol.14, p.p.161-175.0

[79] E.J. Williams, A. Messina, and B.S. Payne, "A Frequency-Change Correlation Approach to Damage Detection," Proceeding of the 15th
International Modal Analysis Conference, Vol. 1, Society of Experimental Mechanics, Bethel, CT, , 1997 , p.p.652-657.01

[80] H. Luo, and S. Hanagud, "Delamination Modes in Composite Plates," Journal of Aerospace Engineering , 1996 , Vol.9, p.p.106-113.0

[81] W. Lestari, and S. Hanagud, "Health Monitoring of Structures: Multiple Delamination Dynamics in Composite,” Proceeding of 40th
AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics and Materials Conference and Exhibition, St. Louis, MO. 1999 .00

[82] R. Thornburg, and A. Chattopadhyay, "Modeling the Behavior of Laminated Composites with Delamination and Matrix Cracks,"” AIAA
Journal , 2001, Vol.39, p.p.153-160.00



[83] R. Thornburgh, and A. Chattopadhyay, "Modeling the Dynamic Effects of Delamination in Adaptive Composite Laminate,"
AlAA-2002-1443, AIAASDM Conference, Denver. 2002 .00

[84] M. Cho, and J.S. Kim, "Higher-Order Zig-Zag Theory for Laminated Composites with Multiple Delaminations," Journal of Applied
Mechanics , 2001 , VVol.68, p.p.869-877.00

[85] J.S. Kim and M. Cho, "Buckling Analysis for Delaminated Composites Using Plate Bending Elements Based on Higher-Order Zig-Zag
Theory," International Journal for Numerical Methods in Engineering , 2002 , Vol.55, p.p.1323-1343.00

[86] H.S. Kim, X. Zhou, and A. Chattopadhyay, "Interlaminar Stress Analysis of Shell Structures with Piezoelectric Patch Including Thermal
Loading," AIAA Journal , 2001 , Vol.40, p.p.2517-2525.



